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ON THE EXISTENCE OF SOLUTION OF THE PROBLEM
OF POTENTIAL FLOW OVER A SYMMETRIC PROFILE IN A CHANNEL®

I.L. GUREVICH

The plane problem of heavy fluid potential flow over a smooth convex profile
symmetric about the vertical axis in a channel with horizontal bottom is considered.
Existence of such flow at fairly high Froude numbers is proved. When the profile
length approaches zero with the Froude number remaining higher than unity, a uni-
form flow obtains at the limit.

Similar results were obtained in the case of flow in a channel with a curvilinear bottom
in the absence of a profile in the channel in /1—3/, for the flow over a vortex in achannel
/4/ and, also, for the flow over a profile in a channel in /5/, where, unlike in the present
investigation, not the profile itself, but its image in some parametric plane was specified.

The flow in plane z==z-+4 iy is assumed symmetric about the profile axis of symmetry vy
and the z axis coincides with the channel bottom. Angle ¥ (s) between the z axis and the tan-
gent to the profile is assumed known and defined as a function of the dimensionless quantity
s=1/L, where | is the arc coordinate on the profile measured from its upper point on the y
axis. When moving along the profile in a clockwise direction, s increases. If the unknown
profile length is 2L, then 0<s< 2. Owing to the symmetry and convexity /of the profile/
¥ =0, ¥(1)= —n and d¥/ds< 0. The dimensionless curvature 4¥/ds is bounded. Region ¢ the
image of the flow region in the plane of the complex potential w= ¢+ ip is also assumed known:
it is band 0<KY << Q with a slit along segment |9[<<mQ, ¢ =@ (1 —g), where m >0,0<g<4. Finally,
velocity », at infinity and the acceleration of gravity g are also known.

We map G onto region G, in the plane of variable { =%+ in, using function w= Q({+ 1),
and 6, is the band —1 <1 <0 with slit along the segment |§| <m,n= —¢ In addition we map
the right-hand halves of ¢ and 6; onto the half-plane »>»0 of variable U = u-+ i», where the
image U (§) satisfies the conditions

Ulto)=o00, UO) = —a < — 1L, U(—i) = b>1,Um—igg=ce(=1,1), Uig£ 0 il = F1.
By the Christoffel— Schwarz formula
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We represent dw/dz in the form dw/dz = ve® o = v+ 0. Let o = o, + @, where o=+ 0 (k ==
1,2), and at the free boundary 1, =1, 1,=0, along the profile 6, =0,6,=6, and at the channel
pottom and the axis of symmetry ©;=6,=0. We shall consider besides functions a(U), also
functions k(). On the image of the right-hand half of the profile as |u|<1 we evidently have
0, (1) = @ [s(u})], where ®(s) = —¥ (), when 0<s<s, and @)= —V¥(s) —n when s <s<1, with s5==s(c)
the dimensionless arc coordinate of the stream run-off point, s(u) is the unknown function,
and s(—1) =0, s(1) = 1. From the relationships dw/dz = 2,¢®, dw/df =@ and (1) with |u|<1 we have
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We denote dr; (8)/dE by u (E). The Bernoulli equation and the assumption that velocity at
infinity is equal 9, imply that

-1

()= —hsin (8 &) + 8, @) {1+ §sm[el(a)+ez<a)1da}, g
g

wE) = §p<a>da, A=

I
G

and from the Keldysh-Sedov formula we have
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where function w=r(t) is the inverse of function § = p (v determined from (1) when us —a by
formula

1 —a
Plw)=— S 1 () du (9)

Integrating by parts the Keldysh-Sedov formula with allowance for (9) and >0 we have
—a

1 7
1(€)=—7z S Blp®1f @D s r(E)]de . (10)

—oc

D@, wy=Injlp()+po@llo® —p W], p@=|a+1{"

Equalities (3) and (5) with relations (4) and (6) ~ (10) constitute a nonlinear system of
integral equations with respect to functions p () (¢>0) and s{u) (lu|<1). Below, using the
Schauder principle we prove the existence of solution of that system under specific constraints
on the Froude number {/A that depend on the quantities m,gq.

Let z = {p (§), s (W}, H, be the HSlder function in the space [—1,1] with index « andnorm Is fly,
¢ be the space of functions contihuous in [0, )}, and E = ¢ X Hys Eq = Ey (N, B, R} be the closed
subset of elements from £, that satisfy the conditions

n @ )< N2 s, <R
s(—1) = 0, s()y=1, [s@)—s@)l(u —u)>0

The investigated system of equations may be written in the operational form: z= 4dz. Let
us hsow that for some values of N, f, R operator 4 converts Ey into itself. Let z,= {ug (8),
s(W} = £ We obtain estimates of =z, = Az, in several stages.

1°. The right-hand side of (3) s,(u) increases, and by virtue of (4) s(—1)=0, s,(1) = 1.

2©. Since for u<— e we have |, f(w) <I(1+ w) (a + w)]™*, hence from (9) we obtain

(11)

E=p W <a?ln|Gut3e+De— 1, u=r@<U—ac® (12)

3°. since —n¥(s)< 0, hence |d(s)|xn and from (7) we obtain the inequality |8, () |<
4)ar(}) [, and by virtue of (12)

16 (B) | <kie ™2 k) = 8(a(a — 1)) (13)

4°, We continue i (§) on the semiaxis £« 0 in the odd manner. The right-hand side of (10)
0, (§) is, then, the limit value of function ¢ (¢) which for { =t is harmonic in the doubly-con-
nected region G, and vanishes when { =% — i and at the slit edges and, for {=£&, has a normal
derivative equal to p;(E). Using (11) and the maximum principle we can show that |6; (§)|<x (),
where x (), is the limit value when {={ of a function that is harmonic in the simply connect-
ed region (—1<n<0, |[E|< ) and vanishes when {=%—i and has a normal derivative S =
Ne™l/2 when ¢ =§. Assuming that 0<p<1 and using Lemma 1 from /3/, we obtain the inequal-
ity 16,3 |<{ — 326 (). This and (13) imply that the right-hand side of (5) p,(E) satisfies
the inequality [p;(})|<<8(), when t>0, if
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1 — 6AB () >0, AB[1—6AB RPN, (B = N1 — B + &y) (14)

Analysis shows that when
AT — B (BhyfinB)) ] (15)
then the following statements hold:

No=np(i1; = {-717_ f = xz‘%’%_ [(_71»- 'k2> (éﬂ—ks)}‘h} He

(kg = (1 — PO - (Bky/ ()11

really and positively; inequalities (14) are satisfied for N = N,, while the second of them
is not satisfied when N <N, Since 0<B<1, (15) is the corollary of the inequality

A — B+ B /a) Pt = v (p) (7
The maximum value of v(f) is attained for § =p,, where

Bo = (1 + (Bhy/m)™#11, v (By) = [1 + (Bky/m)'N)~4 (18)
Subsequently we shall consider that B =f,, N =N, and the inequality (17) is fulfilled.

5°. By virtue of inequality (l1) and formula (8), |w (u)]|< max| (8)[<2N,/(np) =k, when
luf<<t. Let f@=|fu—c|(t —ud)™. Then [ul<1 is

f e + D6+ DI < F () < A @l — 06— D1 (19)
Using (4}, (19), [ (w}]<k, the Jensen inequality /6/, and the inequality

1
§ twau>2
1

we obtain
1 1 !
¥ <[+ 1) 6+ 1Y exp [ Iy — TS . () du |
-1
where the last integral is egtimated using formulas (6) with allowance for the inequality
J® ()| <n. As the result we have

v <4 texp kg + 2 (1 + VII(a+ )5 + D1 (20)

6%, Integrating (6) by parts and taking into account that @(—0)—D{s+0=1=n when
{e{<1 we have
1

Ju—¢] 1 g av [s ()]
d

Mttt T @

1

T {u) == Dt u)dt (21)

Taking into account that
D) >n{2@—0) ¥ (0)— ¥ () =mx, |1 (u|<k
and (19) and (20), from (3) and (21) we have

ds; )y 1 - 1 1
“(E<k5(1—~ua) /“1 l\'ﬁ::TexP[2(k|+1+V2)] X(a+1>l (b+1)/'

a1 b—1
Hence for any u', u" =[-—1, 1]
Pog () — s (') | < 2y | 0" — o I, sy by, <1+ 2k (22}

The above estimates show that the operator 4 transforms into itself the closed set g, (w,
§, R} from the space E=C X H, (¢ <'y =8, is determined in (18}, and N =N, is from {16), A =
4+ ks V2) when A satisfied inequality (17). The complete continuity of operator 4 on E, by the
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norm of space E is proved by conventional methods. By Schauder's theorem equation z = Az has
at least one solution in E, when the equivalent to (17) and (18) inequality

A<+ 20a (@ — Dayelf—t = 2, (23)
is satisfied.

Parameters a, b, ¢ are determined by the system of Egs.(2) and depend on the input para-
meters ¢e(0,1) and m>0. For an effective check of the fulfillment of condition (23) we
provide the estimate of the lower bound of the quantity (a—1).

We change the variable in (2) using formula u= (s + bt —«. To quantities u=a, ~1,¢1,5
correspond t= 0,1, 1,5, 1 (0 <t <1) that satisfy the system of equations

t t: ty
ng = S fa(t)dt, am = S f2 ()t :sz(t) dt (24)
o 4 i

(o =tz —t| [t — 1))t —t)(¢e — 1) /D

and a —1 = 2t1 (ta - tl)_l.

For t<(t;, ) we have [ (8) > (3 — Ot — t,)(¢; — 1)]~*: ; assuming that ¢ — 1, <t,—¢, We obtain from
(24) t, — t; < 20m. Hence t; — t; < 4am.
32 For t=(0,t;) we have f,()<t/'[t (1 —t)(t, — »)}~/r , and from (24) g¢<li;(1 —t)71)/2, hence >
q* 2.

For te(t,t) we have f (1) >/t —1, and by virtue of (24) e > tlln (5/t;) — 1] ; this with the
estimate ¢, > ¢%/2 shows that t; > (¢%2) exp [— (1 - 2nm/g?)].

From this inequality and the inequality #; — t, < 4nm we obtain the required estimate

a — 1> g% (4nm)~ exp [—(1 + 2am/g?)) (25)

Taking into account (23) and (25) we conclude that A, -0 as m/® o, and j,— 1 as
mlg®2 - 0. Using the lower bound of y it is possible to show that the last condition is equival-
ent to Ly/Q —0. The obtained estimates make it, moreover, possible to prove that N,—0 as
mlg — 0, i.e. that a uniform flow is obtained.
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